Lecture 17

Probabilistic Reasoning

Probability is importantin many branches of mathematics and science, and
Al is not an exception. Many tasks require us to evaluate probabilities.

This lecture explains the basic probability framework. The next couple of
lectures explains how to perform actual evaluations.

Reference:

Textbook Chapter 14

AI(0270)

Suppose we want to have a system to diagnose dental problems.

We would like to have a rule like this:
Symptom(p, Toothache) O Disease(p, Cavity)

But we can’t. There are many other reasons to have toothac he, and
just having toothache is not enough for deducing cavity.

So we are forced to writh something like...

Symptom(p, Toothache) O Disease(p, Cavity ) O Disease(p, GumDis-
ease) U Disease (p, ImpactedWistom) O ...

But... itis difficult, since there are really so many reasons.

How about ‘causal rules’, e.g., Disease (p, Cavity) O Symptom(p,
Toothache)?

Still incorrect (although much better), and difficult to use.
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Using probability to model uncertainty

Probability solves the problem by using a number to summarizes allthe
uncertainty we meet.

So we might say that there is a 80% chance that a patient has cavity if
he has a toothache. The 20% summarize all the other possibilities.

However, First-Order Logic lacks a way for us to express how much
efforts should be spent on each type of events.

In fact, it doesn’t have provision for expressing that some events are
more probable the the other.

We want to allow the agent to commit less on the knowledge stored.

Instead of saying that some statement is either true or false (or un-
known), we want to be able to say that a statement is true with certain
probability.

At the same time, we will go back to use propositions to simplify discussion.
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Expert Systems

Having forward and backward chaining systems is very convenient in
many cases when we need to make decisions automatically.

E.g., to deduce that a patient has a particular kind of disease, one can
have arule and check whether the patient has each symptoms.

And this can be done recursively.

Such systems are called expert system: a system that reasons using a
lot of domain knowledge.
l.e., most of the intelligence is “built-in” rather than being computed. These
knowledge are supplied by experts themselves.

Target of these system: match or out-perform decisions of human
experts in their specific domain.

Motivations: cost, efficiency, accuracy, etc.
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‘Sources of uncertainty ‘

So instead of saying the very long sentence, we would like to write

Symptom(p, Toothache) O Disease(p, Cavity) O ... O RareEvent(p)

But now we have a difficulty: we never know that a rare event occurs!

We encounter uncertainty in such systems because...

we are lazy to write a rule that in completely correct, and even if we do,
the result will be so large that it becomes unusable.

we are ignorant about some of the causes and consequence relation-
ship, so we can only approximate the physical world.

we cannot administer all the tests required to obtain all information to
give acompletely correctinference. Doing so would be either impossible
or too expensive.
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What the probabilities means?

Why we say that 80%, rather than 75% or 5%7?

By the 80%, we mean that if similar things happen many times, 80%
of the time the patient has cavity.

Usually, such knowledge are collected by using a large database of
past experience.

Or better, it might be combined from different sources of information.

In cases that past experience is not available or is too small, we might
need to ask a domain expert to supply a subjective estimate.

Note that we still consider the statement to be either true or false with
no intermediate. We don’t want to express that a person has cavity to
the degree of 0.8.

That is the subject of fuzzy logic, which is not discussed in this course.
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Non-monotonicity of probabilistic reasoning

Probabilistic reasoning differs from FOL reasoning because the assess-
ment changes in both directions as more evidence is collected.

» Before the patient says anything, an agent might say that the probability
of a patient having cavity is 10%.

« After the patient explains that he has toothache, we might have to mod-
ify our assessment and say that the probability of toothache is 80%.

« If the agent use its still probe to scan through the teeth of the patient,
and found something which catch the probe, it might further modify the
assessment to, e.g., 97%.

So all the statements about these numbers must specify what evidence
is known—the numbers are different if different things are known.

And our agent must be specially designed to update these numbers.
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Notation 1: Prior probability‘

The prior probability of a proposition A is denoted as P (A).

« E.g.,if the proposition Cavity means a particular patient has cavity, then
we might write P (A) = 0.5to denote that if nothing else is known, the
patient has probability of 0.5 to have cavity.

« A “proposition” here can be a propositional symbol like Cavity, or a
equality relation like Weather = Cloudy, or a logic combination of
propositions like Cavity [0 -Weather = Cloudy.

So our language is indeed between pure propositional logic and full FOL.

* We call variables like Weather to be random variables, and each such
variables have a domain of values which it can take.

» Aprobability distribution enumerate the probability of a variable being
each of the possible values. E.g., P(Weather) = {Sunny : 0.3, Cloudy
: 0.5, Raining : 0.2}.
Note the bold P that denotes distributions rather than probability.
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Notation 2: Conditional probability

Once we know some evidence, we would like to know the posterior or
conditional probability, i.e., probability given some evidence.

« Given the proposition B, the posterior probability of a proposition is
denoted P (B | A). E.g., P(Cavity | Toothache) = 0.8.

« Other forms of propositions are naturally allowed. E.g., we can say
something like P (X, = x | X, =y) = 0.75.

* We also allow probability distributions, e.g., P(X | Y =y), whichis a set
of equations like P(X =x,|Y =y)=p,P(X =x,|Y) =y, etc.

» We will further probability distributions like P(X | Y ). This is a set of

equation telling us the probability of every possible value of X given
every value of Y.
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How to use the probability

Once we have the probabilities, what we can do with them?

» Say | want to the airport for a flight.

I know that I will miss the flight with probability 5% if I leave home 3 hours
before flight. If I leave 5 hours before flight, the probability goes down
to 0.5%.

« Does it automatically mean that the second plan is a better plan?

* We can’t say. That depends on my preference among the possibility.

Just like a game with probabilistic elements, we need to know a utility
function before we can use the probabilities.

« E.g.,if Ihave somethingreally important to do before the flight, which can
be done much better if I've got 2 extra hours, | might prefer not to leave
home so early.
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Axioms of probabilities

For any theory, there are something that is assumed true without proof. If
you are talking about something that doesn’t have these properties, then
you are not talking about probabilities.

Yet they can be sensible. It just means that we don’t consider them.

 All probabilities are between 0 and 1.

So for any proposition A,|0 < P(A) < 1

» Probability of a valid statement and a contradiction are 1and 0.
So[P(True) = 1, P (False) = 0]

« Probability of disjunction is given by
[P(ADB)=P(A)+P(B)-P(AB)
This is just the Venn diagram.

All other properties of probabilities derive from these axioms.
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What is it really?

 Posterior probability can be expressed in terms of prior probability :
P(B|A)=PB OA)/P(A).

- Eg,ifP(B)=0.5P(A0B)=04,thenP(A|B)=04/05=0.8.
« If you think about it, it is really very reasonab le:

« If we have 100 scenarios, then P (B) = 0.5 means that 50 scenarios
have proposition B being true.

* And P (A OB) = 0.4 means that 40 scenarios have proposition A and
B both true.

 If we already know that B is true, then we only have 50 scenarios, so
the probability to find A true is 40/ 50 = 0.8,

« Butwe willtreat the equation as the definition of conditional probabilities
(because it is inconvenient to define it in another way).
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We say that a proposition A is independent of another proposition B if
we have

P(A|B)=P(A)

Intuitively, this means that the probability of A does not change when
we acquire the knowledge B.

Given the definition of P (A | B), we can write it as
[P(ADB)=P(A)P(B)]

Note that the equationis symmetric. If A isindependent of B, thenB is
independent of A.

We usually have independence relations between variables. E.g.,
variable X and Y are independent if, for all i and j,

PX =x;1Y =y)=P(X =x)

AI(0270)17.12

Example: ajoint is all we need

We might have the following joint for the dentist example:

Toothache | - Toothache
Cavity 0.04 0.06
- Toothache | 0.01 0.89

l.e., P (Toothache [ Cavity) = 0.04, etc.

Note that we either have Toothache or - Toothache. We can’t have
both, and can’t have neither. Similar for Cavity.
As a consequence, adding up all number results into 1.

E.g., To find P (Cavity ), we use the disjunction rule:

P (Cavity) = P(Cavity 0 Toothache) + P (Cavity U - Toothache) — P (
Cavity O Toothache O-Toothache) = 0.04 + 0.06 -0 = 0.1
In fact, we would directly read them off the table.

So P (-~ Toothache | Cavity) = 0.04/0.1= 0.4.
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Bayes rule

The definition of conditional probability can be written this way:
P(AOB)=P(A|B)P(B)

Note that the equation is symmetric between A and B, so we can
also write:

P(AOB)=P(B |A)P(A)

This is where all the fun begins. By equating them, we have

P(A|B)P(B)

P 1A)=—"50

This is called the Bayes' rule.

Why it can be useful to know one probability from 3? Because usually
the 3 probabilities are easier to obtain than the last one...
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Joint probability distributions

So far, within the P notation, we can only have one proposition or
random variable.

We willfurther overload the notationto allow multiplerandom variables
within the P notation.

Itis called a joint probability distribution, or simply a joint.
As opposed to probability distribution when there is only 1variable.

So we might write something like P(X, Y ), where X and Y are random
variables.

The meaning: a set of equations like
PX=x,0Y=y)=p,,
P(X =x,0Y =y,)=p,,etc.
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So a big joint is enough for anything we need...

But unluckily, we have too many variab les!

Assume we have n boolean variables. Then we have 2" numbers
to specify!
So we can only store at most 30 random variables, even if they are boolean!

And for many of these numbers, we don’t have a good way to esti-
mate them!
Because each probability would be so tiny that it is hard to estimate, and it
requires a huge set of statistic to derive anything meaningful about them.

A fully specified jointis too big arequirement for our reasoning system.
We need to be able to simplify it, even if it might make our system
less accurate.

Our strategy: work with the conditional probabilities directl y!
Rather than going to the full joints, we will use joints that are “local”.
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‘ Conditioning of equations ‘

There is also a version of Bayes rule which takes extra condition:

P(A|BOH)P(PH)

P(B|AOH) = PAH)

This is a conditionalized version of the Bayes’ rule.

But there is indeed no special reason to memorize this: it just add a
condition H.

We can treat it as a background knowledge that rules out all worlds
that H is false.

Basically all properties of probabilities can be conditioned this way. So
instead of remembering a conditionalized Bayes’ rule, remember that
we can do conditioning.

Try some! Even the definition of conditional probability can be conditioned.
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|Example: Combining evidences

* Suppose we already know that
P(Cavity) = 0.1
P (Toothache) = 0.05
P (Toothache | Cavity) = 0.4)

Note that the probability P (Toothache | Cavity) is a causal knowledge:
it describes how the cause Cavity affects the probability of the conse-
guence Toothache. It tends to stay unchanged.

* Then we know that
P (Cavity | Toothache) = 0.4 x 0.1/ 0.05=0.8
P (Cavity | - Toothache) = (1- 0.4) x 0.1/(1- 0.05) = 0.0632
» Onthe other hand, what we computed is diagnostic knowledge, which
is much more tenuous.
If P (Cavity) changes, due to changing habits, everything changes.
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Normalization

« In fact, given the right information, we can recover real probabilities
from relative likelihood.

« The idea is, we also assess the relative likelihood of the negation.
They must add up to one, so their ratio gives us a probability.

» E.g., we know P (Toothache|Cavity )P (Cavity) = 0.4 x 0.1 = 0.04.
* Suppose we know P (Toothache|- Cavity) = 1/90.

* Then the relative likelihood of - Cavity given Toothache is
P (Toothache |- Cavity )P (- Cavity) = 0.9/90.

So P (Cavity [Toothache) = 0.04/(0.04 + 0.9/90) = 0.8.

* We call the sum of the two likelihood to be a normalizing constant,
and the process normalization.
We write P(A|B) = aP (B|A)P (A), where a is the normalizing constant.
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Our difficulty

So now we have this...
P(Cav|T OCatch) =a"P(Cav)P(T|Cav)P(Catch[T OCav).

Note the power of normalizing constants ... we don’t need to evaluate
them until the last step. Multiple normalizing constants combines to a
“larger” constant.

This works as long as the values are really “constants”, i.e., do not involve Cav. As
long as this is the case, we won't get another “constant” when we change Cav to -
Cav, so everything works out.

So how difficult is it to evaluate each term?
* We got P (Cavity) and thus P (= Cavity ) directly.

« We also have P (Toothache|Cavity ). P (Toothache |- Cavity ) might be
somewhat more difficult, but experts are still willing to guess it.
More difficult because it needs to summarize all other causes of toothache.

» But what about P (Catch | Toothache O Cavity)??
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Relative likelihood

* Suppose another cause GumDisease which also causes toothache.

* In diagnose, we usually needs to know which is more probable,
Cavity or GumDisease, and by how much.
The exact probability is less important.

Prior probabilities are given by P (Cavity) and P (GumDisease).

« Now if we have evidence that Toothache is true, then it is no longer sen-

sible to use the prior probability. What are the posterior probabilities?
P(C|T)=P(T|C)P(C)/P(T)
P(G|T)=P(T |G)P(G)/P(T)

e So,we don’t need to know P (T)to know which is larger!

The values P(T | C) P(C)and P(T | G) P(G) are called the relative
likelihood of C and G given T.
And they are much easier to remember than Bayes'’ law!

AI(0270)17.19

Combining evidences‘

Suppose now we have one more evidence. The agent puta probe around
the patient’s teeth, and something catches the probe (“Catch”).

» Again, we have assessment of causal knowledge P (Catch |Cavity )
(e.g.,0.95) and P (Catch |- Cavity) (e.g., 1/180).

* So we want to know how much we should believe Cavity now?
» Again, since the evidence changed, we can't use the old value 0.8.
* We want P (Cavity [Toothache O Catch). But how to get its value?

* The conditioned Bayes’ rule (treating T background) tells us that
P(Cav|T OCatch) = a'P(Cav|T )P (Catch|T OCav).

» Bayes'rule tells us that
P(Cav|T) = aP(Cav)P(T|Cav)
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‘Conditional independence

It is very strange to estimate the value of that probability: we are asking
for the probability of a consequence given the cause and another
consequence.

* Butdoes it really matter that much?

 If we believe that Cavity is the direct cause of both Toothache and
Catch, then it really shouldn't.

In particular, we assume that the only relation between Toothache and
Catch is that they both are caused by Cavity.

» Once we know whether Cavity is true or false, they are independent:
P(T | Cav OCatch) = P(T | Cav)
P(Catch | Cav OT) = P(Catch | Cav)

» We call these conditional independence assumptions.
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How it helps?

With the conditional independence assumption, our formula becomes
P(Cav|T OCatch) = a"P(Cav)P(T |Cav)P (Catch|Cav).

Now everything becomes a probability expressing causal knowledg e,
which is easy to estimate .

So we have basically solved our “easiest” problem to combine
evidences—given our conditional independence assumptions.

Unluckily, the real world contains much more variables...
and we have to make much more independence assumptions.

It just becomes clumsy... how to express all of them? And how to per-
form computations of posterior probabilities in such complex situ-
ations?

Luckily, there is really a way out...
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