
Lecture 2

Searching in Path Seeking problems

In this lecture we will look at the first basic technique in AI: searching.

We will see that a lot of problems involves finding a path from a state to
another, and will learn techniques to perform such searching efficiently.

References

• Textbook section 3.1–3.5, 4.1–4.2.
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Background of AI: searching

• Most AI problems are concerned with searching through many alter-
natives to seek a good way to achieve a goal.

• For many problems, searching is the only thing one needs to do. E.g.:

• Substitute letters by digits to make SEND+MORE=MONEY correct.

• Place 8 queens in the chess-board so that none is threatened.

• For “harder” problems, searching is usually a subroutine that can be
used to solve the problem.

• Some such problems: theorem proving, expert systems, etc.

• The techniques that are used for searching are quite similar , so we will
learn it once and for all.
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What is searching

• If you are in Arad of Romania, and want to go to Pitesti. If you have no
knowledge about where are the two places, you would be rather lost.

• But if you get a map, you can looking for a route between them.
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What is searching: cont’ d

• Once you find a route, you can follow the route to complete your journey.
(i.e., execute the resulting plan.)

• “Searching” is to find a route from a starting place to some predefined
ending place, by using local kno wledg e about how to reach one place
from another.

• But the problem is, how to perf orm the searching ?
This is an especially big problem when the map is large.

• Unlike searching in a search tree, the information is usuall y not de-
signed for efficient search.

Why not? One search tree for each source would be very expensive to store!

• That’s why searching in AI pose us much more difficult problem than
searching in search trees.

Recall that searching in AVL tree (or red-black tree) only requires O (logn) time.
Our search will be much much more expensive.
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Formulating problems: state space

But wait… what the Romania map has to do with our problems?

• When we talk about a “map”, what we really mean is a graph.
Not the type of graph that has an X and Y axis, but the type that has nodes and
edges. If you’re not familiar with it, just think it as a generalized tree.

• Many problems are formulated as requiring to achieve a certain goal,
achieved step by step through intermediate states.

• Each possible state is a node of the graph we search in (the graph is
thus called the “state-space”: space of states).

• Actions takes you from state to state, and form edges. This is usually
formulated by a successor function.

For each state, what actions are possible, and there corresponding results.

• The graph is implicit, i.e., most likely we don’t want to create the whole
graph in memory before we actually perform the search.

Because the search graph can be very large, and we won’t need it after all.
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Example: Missionaries and cannibals

Question: we have 3 missionaries and 3 cannibals, all want to cross a
river with a boat, which can carry one or two people.

But missionaries are afraid of cannibals. We want to make sure that at
any time, on both sides of the river, either there is no missionaries, or the
number of cannibals won’t exceed that of missionaries.

3M
3C

river

3M
3C

river

• States: how many missionaries and cannibals are in each side, and
where is the boat.

• Successor function: actions (taking a selection of people and the boat
from one side to the other) that won’t cause constraint violation.

AI(0270)-2.5



State space

3M
3C

0M
0C

3M
2C

0M
1C

3M
1C

0M
2C

2M
2C

1M
1C

3M
2C

0M
1C

3M
0C

0M
3C

3M
1C

0M
2C

1M
1C

2M
2C

2M
2C

1M
1C

0M
2C

3M
1C

0M
3C

3M
0C

0M
1C

3M
2C

1M
1C

2M
2C

0M
2C

3M
1C

0M
1C

3M
2C

0M
0C

3M
3C

Once you have the state-
space graph, the problem is
clearly one to search the graph
and find a path from one node
to another.

As a human being which neu-
rons are trained for searching
visually in a small graph, you
should find a path right away
now.

Actually, it is this easy only be-
cause I draw it in a very struc-
tured way.

But what the program
should do to perform such
a search?
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Representing a state

Now, it comes to represent a state in our program. E.g., in C all we need
is to have a struct that holds all the information.

struct mc_state {
int m[2], c[2];
int boat_pos;

};
Some of you might be accusing me of wasting so much memory.

The initial state is { {3, 0}, {3, 0}, 0 }.

The final state is { {0, 3}, {0, 3}, x } for any x.
In fact, we can only reach the state where x=1, but we shouldn’t know it be-
forehand.

But because our main focus is not programming language, we will just
write a state like state = {m: (3,0), c: (3,0), boat : 0 }.

We will access items like state[boat ] and state[m][0].
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How the world change

To prepare for a much larger state space, we won’t try to represent the
whole graph in memory.

Instead we define the graph implicitly by the successor function. It needs
to know how the world change:

# move is in form (num_m, num_c).
# It return a new state resulting from moving num_m missionaries and
# num_c carnibals to the other side of the river
def move_people(s, move):

s1 = s.copy() # Make a copy of the original state
from_side = s1[boat ] # Either 0 or 1
s1[boat ] = 1− s1[boat ]
to_side = s1[boat ]
s1[m][from_side] −= move[0]
s1[m][to_side] += move[0]
s1[c][from_side] −= move[1]
s1[c][to_side] += move[1]
return s1
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Writing the successor function

Now successful function is just a matter of considering all possible state
changes that won’t violate the constraints.

def next_states(s):
ret = [] # empty list
s1 = move_people(s, (1, 0))# move 1M and 0 C
if (valid(s1)):

ret .append((s1, (1, 0)))
s1 = move_people(s, (2, 0))
if (valid(s1)):

ret .append((s1, (2, 0)))
s1 = move_people(s, (1, 1))
if (valid(s1)):

ret .append((s1, (1, 1)))
... # move 0M 1C
... # move 0M 2C.
return ret ;
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Searching: formal definition

Now it is instructive to see how this generalizes to so many problem
solving tasks. Each problem consists of:

• States. Represention: a structure.

• Successor function: generating all <action, neighbouring states> pairs
of a state.

• Initial state. A state which the search is started.

• Goal states. A set of states which are said to achieve the target.
Representation: Either a state, or a function returning whether goal
is achieved.

• Path cost. If there are many paths to the goal state, we might talk about
which is better. We define path cost so that smaller is better.

Path cost is usually the sum of cost of actions used to reach the goal.
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Example 2: 8-Puzzle

Example problem:

4 5

6 1 8

7 3 2

⇒
1 2 3

4 5 6

7 8

• States: configur ation(representation: string of 9 characters).
Or any other reasonable representation, e.g., 2-D array.

• Successor function: the result of push-left, push-right, push-up and
push-down, whichever allowed.

Number of possible actions depends on how you define them! E.g., if you define
it like push-from-1, push-from-2, etc, then you’ll get 8 actions. (Less is better.)

• Initial and goal state: defined by problem instance.

• Path cost: the cost of each action is 1, path cost is sum of actions.
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Example 3: Arithematic puzzle

Substitute letters by distinct digits to make a formula correct. E.g.,

    S E N D
+   M O R E
-----------
  M O N E Y

• States: a partial assignment of letters to digits

• Successor function: the result of adding each possible assignment.
(Many!)

• Initial state: no letter is assigned a digit.

• Goal: all letters are assigned a digit, and the formula is correct.

• Path cost: always 0 (no preference as long as you can find an as-
signment).
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Example 4: Tic-tac-toe

• State: a placements of circles and crosses on the board.

• Successor function: the possible ways to add a circle (or cross) at
certain location of the board, and their results.

• Initial state: empty board

• Goal: any state in which the game ends (i.e., one side get a line, or all
board positions are taken) with ourselves winning or getting a draw.

• Path cost: 0 if we eventually win, 1if we eventually get a draw.

Of course,our agent will be coded somewhat differently to cater for the fact
that there is another agent playing with it.

This is a two-person game. We will talk about it in week 4.

Our main point here: many (but I can’t say most…) problems can be
formulated and solved as a state-space search problem.
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Search algorithms

Now it finally comes to solving the problem: searching through the state
space.

How good we can do? It really depends on problem.

• For some really small problems (e.g., tic-tac-toe, arithematic puzzle,
8-queen, etc), we can afford to search it exhaustively.

Search space size of all the 3 problems are less than 9! = 362880.

• For larger problems, (e.g., 15-puzzle, rubik cube), we still want to do
it exactly, but we will rely on some additional knowledge about the
search space.

This is the heuristics that we will explain in the next lecture.

• For yet larger problems (e.g., chess, larger variants of 15-puzzle, many
real-world problems), the time and memory requirement for performing
exact search is too large. We will have to do it sub-optimally.

E.g., losing some games, finding a path which is longer than required, etc.
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Criteria

We will evaluate search algorithms based on the following criteria:

• Completeness: does the algorithm guarantees to find a solution provid-
ed that there is one?

Completeness always depend on the amount of time and memory we have.Here
completeness assume that we have sufficient memory.

• Time cost: how much time is required to solve a problem?
The smaller, the better. Sometimes we can tolerate a problem requiring several
hours, or even several days, to solve, but that is not common.

• Memory cost: how much memory is required to solve a problem?
This is much more a problem than time. We might have as much time as needed,
but we probably won’t have as much memory as we need.

• Optimality: if the algorithm does find a solution, is it guaranteed to be
the best one possible?

Usually we can accept being a little bit off optimal.
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Branching factor, depth and cost

People studying AI have a rather unique notion of algorithm cost.

• If you are taking an algorithm course, the time and memory cost is
probably a function of the number of graph nodes and edges.

• But in AI the graph is so large that we don’t want to use it as bound.

• Example size of search space: rubik cube—reported to be 1710 .
Chess—estimated to be 12010 .

• If we get only a bound the time or space requirement in terms of size of
graph, we will get a simple answer: that problem is unsolvable!

• Search Assumption 1: out-degree of each state is not too large.

• Search Assumption 2: an answer is close enough to us.
Otherwise, we have to report “I can’t find a solution”.

• So we bound by two parameters, depth (d) and branch-factor (b).
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How to search: state and (search tree) node

• We start from the initial state, apply the successor function to find a
next state, remember it, and repeat until we reach a goal state.

• Usually, we need to remember more information than just the state. We
pack up all the relevant information, and call it a (search tree) node.
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• When we search, we expand nodes, i.e., take a node, apply successor
function on its state, attach information additional information to the
resulting states to make them nodes, and store them.
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Breadth-firstsearch

We start our tour to different searching algorithm by a very simple one.

• Breadth-first search: to search in a “layer-by-layer” fashion.
Seems like a good idea: closer nodes are searched before further ones.

• To do this, the algorithm would keep a queue of nodes.

• At the beginning, the queue simply contains a node of the initial state.

• In each iteration:

• One node is de-queued.

• The dequeued node is expanded.

• If any resulting node correspond to a goal state, the search termi-
nates.

• Otherwise, they are en-queued into the queue.
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Example

One example, where branch factor is 2:
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So the second picture expand the root node of the tree, and the third and
fourth expand the 2 first-le velchildren.

Nodes in white color are the nodes still in the queue, and those in yellow
color are not created yet.

Note that this results into a tree (called search tree), even if the state
space is a graph. There can be two nodes with the same state, though.

How to deal with them? We will see it soon. Temporarily assume the state space
is really a tree, so the search tree is a subset of the state space.
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Code

The code of BFS is rather simple. But we have something more generic:

def TreeSearch(init_state): # return found state and action sequence
q = empty # data structure control the search strategy
q.enqueue(([ ], init_state)) # state and the actions to reach it
while (not q.empty()):

(actions, s) = q.dequeue()
if (GoalState(s)):

return (actions, s)
for (a1, s1) in Successor (s): # Expand state

new_actions = actions.copy()
new_actions.append(a1)
q.enqueue((new_actions, s1))

return failed

For BFS, q is a (First-in First-out) queue. We will see different data
structure here gives different strategies.

Also, for BFS it is possible to improve performance by moving the if statement to
within the for loop, checking s1instead of s.
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How good is it?

Okay, how good is breadth-first search? In simple words, not very good.

• Complete. Optimal if each action costs the same. How about cost?

• There is 1node at the top level

• There are at most b nodes at the first level

• There are at most 2b nodes at the second level

• There are at most ib nodes at the i-th level

• So if a solution can be found at depth d , the number of nodes expanded
is at most 1 + b + … + db . This is the time cost.

• Memory cost: stores at most d + 1b states, each with an action list of
length d .

Only the last layer is still in queue, all the others have been dequeued.
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What if actions cost differently?

• So what should we do if we want optimality but action costs are not all
the same?

• We modify the nodes so that it also contains the path cost.

• We modify BFS: instead of a queue, we use a priority queue, with
priority defined to be inverse of the path cost.

So that lower cost implies higher priority and thus get dequeued earlier.

• We will also have to make sure that the function checks for goal state
only when the corresponding node is about to expand.

Not when another node expands resulting into the corresponding node. At that
time it is still possible that another “cheaper” node is about to be created.

• Memory and CPU costs now depend on the number of nodes that costs
less than the least cost goal node.

Multiplied by the branching factor, since the bottom layer contains nodes that are
more expensive than the path cost.
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How bad it is really?

The depth and branching-factor determines how difficult a problem is.

• Missionaries and cannibals: branching factor close to 1, depth 11.

• 8-puzzle: branching factor between 2 to 3. Depth around 20.
Actually search space is very small here: around 9!. Searching everything here
is still possible.

• 15-puzzle: branching factor between 2 to 3. Depth around 30.

• Seems not good… Where to find the 1000T byte memory needed?!
But then it’s natural that it is difficult: such block pushing problems are NP-hard.

• Rubik cube? Branching factor around 13 to 14, depth around 20.
This is much worse, and we really need better idea than just searching blindly.

• Chess: branching factor around 35, and depth around 40 (usually).
Much too difficult to do any variant of BFS on it. But don’t expect too much: the
problem is P-SPACE hard (much worse than NP-hard).
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Depth-firstsearch

If it is not good doing it breadth-first, how about depth-first?

• Idea: consider one expanded nodes and everywhere it can go, before
considering the next node.

• Implementation: Just use a stack in TreeSearch.

• How good is it? Not very good, unfortunately. The primary problem is
that it might get stuck in an unrelated branch.

• Complete only if the tree is finite. Not optimal.
BFS doesn’t need a finite tree. As long as branching factor is finite it’s okay.

• Time cost: O( mb ) if tree is of height m.
Or actually, the size of tree. You can’t bound by branching factor and depth.

• Memory cost: O(bm). (Big improvement over BFS!)
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Example

If we search in a uniform tree with branching factor = 2 and depth = 3:
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Blackened nodes are removed from the memory.
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Back-trac king search

• So far we concentrate on a successor function that return all “ne xt
states” at once . That is a good thing for TreeSearch.

• But if we can have the next state one-by-one, we can fur ther reduce
the memory requirement. The idea is to generate a state onl y when
needed.

• E.g., in the last page, nodes B and C are both generated on the first
expansion. This could be a problem if the branching factor is larger.

• To save memory,we can generate onl y B at the beginning,and generate
C only when the whole subtree of B has no solution found.

• One popular implementation: use recur sion . When the search for
subtree B failed, A receives control again and consider C.

• So control goes back to A when B fails, and we call it backtrac king .
Accordingly, this variant of DFS is called backtracking search.
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Code

• This require us to generate B and C at different time, so successor
function is not suitable.

• Instead, let’s assume we can generate the n-th successor.

def RecursiveDFS(init_state):# Return the (actions, state), or “failed”
if GoalState(init_state):

return []
num_successors = NumSuccessor (init_state)
i = 0
while (i < num_successors):

(action, s1) = NthSuccessor (init_state, 0)
result = RecursiveDFS(s1)
if (result != failed):

(actions, state) = result
actions.prepend(action)
return (actions, state)

++ i
return failed
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Dealing with loops

As we have seen, state spaces of most AI problems are not trees.

• BFS: some states will have more than one node, ending up with more
nodes than it requires. But the algorithm will still terminate.

• DFS: it just get stuck (in a search tree of infinite depth).
So the algorithm would never terminate until it bail out using up all memory.

How to deal with that?

• Do not return to the state you just came from.
Minimal, generally a must in graph search.

• Avoid repeating any state in any single path.
This requires remembering the path with the states.

• Record all seen states, and refuse to create nodes with such states.
This might require too much memory, though.
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Example

Suppose DFS is used to search the following state space:

A

B C

D

F

GE

Initial state

Goal state

No checking: A, B, D, B, D, …

Don’t go back to where you come from: A,
B, D, F, E, E, F, D, B, E, F, D, B, …

One step checking don’t buy you that much.

Don’t go back to anywhere in path: A, B, D,
F, E, E, F, D, C, E, F, D, B, G.

E.g., when you descend from A towards B, E, F, D
and then B again, ignore the new B.

Don’t go to expanded states: A, B, D, F, E,
C, G.
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Don’t go to expanded states: implementation

In order to implement the “don’t go to expanded states”, one would use a
set to keep track of the found states:

def GraphSearch(init_state):
q = empty
q.enqueue(([ ], init_state))
closed = empty set # 1: set of done states
while (not q.empty()):

(actions, s) = q.dequeue()
if (GoalState(s)):

return (actions, s)
for (a1, s1) in Successor (s):

if not s1 in closed : # 2: do nothing if closed
closed .insert(s1) # 3: close it on enqueue
new_actions = actions.copy()
new_actions.append(a1)
q.enqueue((new_actions, s1))

return failed
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Iterative deepening

• So BFS has all the good properties except that it eats all our memory,
while DFS has much more reasonable memory usage but all the
good properties of BFS go away.

• It is possible to combine the good properties of both algorithms!

• The idea: if we know the depth d of the best solution and limit our
search depth of DFS to d , the nodes expanded are exactly those ex-
panded in BFS before the d-th iteration.

• So we can actually achieve the effect of BFS using DFS, thus reducing
the memory requirement exponentially.

• But we don’t know d ! Simple: try it one by one!

• The algorithm is called Iterative Deepening DFS (IDS). It simply re-
peatedly invoke DFS, with a depth limit increasing from 1 until search
succeed.
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Code

Once we know the idea, the code is more or less trivial.

def IDS(init_state):
i = 0
while 1:

result = DFS_with_depth_limit(init_state, i)
if (result != failed):

return result
++ i

How to implement DFS_with_depth_limit? Just the same as DFS, except
that if the action list is longer than i, it won’t be pushed onto its stack.

So once all shorter paths are tried, “failed” is returned, so that we can start
a new round with a larger depth limit.
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How good is it?

At a first glance, repeating everything done by previous iterations of IDFS
seems stupid. But it is not.

Reason: the cost to search the last level usually dominates the cost.
That is, searching in the previous levels are essentially free.

IDFS is

• Complete.

• Optimal if all actions cost the same.

• Time cost: O(1 + (1 + b) + 2(1 + b + b ) + ⋅ ⋅ ⋅ + d(1 + b + ⋅ ⋅ ⋅ + b ))

• Memory cost: O(bd )
By being a little less aggressive in minimizing time cost,we get back a lot of mem-
ory. But the memory might be needed to keep track of repeat states anyway.
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Bidirectional search

What if we have much more memory? Can we use it to search faster?

• One possibility: to use BFS from both sides.

• That is, we call BFS both for the initial state and the goal state.

• In each iteration, we will expand one layer from each side.

• Search terminates if some state is expanded from both sides.
How to check this? Keep all states generated from one side in a hash table.

• How good? It is still complete, and still optimal.

• Time cost: O( d / 2b )

• Memory cost: O( d / 2b )

• So we can search twice as far as BFS!
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Example

Let’s see what happen on a SS of full binary tree with 5 levels.

Initial state

Goal state

0

1

2 2 2 2

1

1

20

Shaded nodes are expanded by bidirectional search. The numbers are the depths
from the initial and goal state. Note that BFS might expand all states.
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Applicability

You can use bi-directional search only if:

• We have an explicit goal state.
In other words, you can’t do bi-directional search if you only get a goal checker.
You must have a state to start with.

• We can work backwards.
Given a state, we know all states which can reach it.

• We are not really that far from the goal state.
We can only reach twice as far as a BFS.

• We have a lot of memory to play with.

For these reasons, bi-directional search is not very frequently used.

To really reduce the memory and time requirements, we will need some
knowledge about the domain. We will examine them next.
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Importance of domain knowledge

• All un-informed search algorithm that we’ve seen share a property: it
needs time in the order O( db ), i.e., exponental.

Seems very bad, but we can easily show that this is the best we can do if the
graph is arbitrary and we want a complete and optimal algorithm.

• The problem is that we throw away everything we know about the
problem, pretending that we know nothing about the state-space.

We will see that this is very wrong: if we know what problem we are solving, we
usually have some idea about the structure of the state-space.

• In reality, we usually get some information about the state-space, only
that they are rather inaccurate.

If we have exact knowledge of the structure of the SS, we probably want to use
a more specialized program rather than search through it arbitrarily.

• Also, we want our method to be kept general enough to solve a wide
range of problems.

AI(0270)-2.37

Heuristic function

• So we want a general way to express domain knowledge (i.e., proper-
ties of all SS that comes from the same problem) in searching.

General way to “express” domain knowledge, not general way to “find” domain
knowledge. The latter is impossible: it is called domain knowledge for a reason.

• In this lecture we discuss the simplest way to describe domain
knowledge: a function to describe how “good” is a state.

Later, under the topic of “planning”, we will see a completely different way to
express domain knowledge, leading to completely different algorithms.

• What is meant by good? Let’s have a simple definition: an estimate of
the path cost to move from the current point to the goal state.

This assumes that the path cost of a path form by actions is the sum of costs of
all actions involved. Luckily, this still covers many problems.

• Any such function is called a heuristic function, or a heuristic.
This is the usage when we are talking about search algorithms. In most other
cases,heuristic means “rule-of-thumb” that improves average case performance
of an algorithm.
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Examples

Let’s see why heuristic functions encodes domain knowledge:
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Possible heuristic: geometric dis-
tance.
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D E F G

H I
J K

L M N

Possible heuristic: North-South
distance + East-West distance.

Note that geometric distance is still a valid estimate on the right, but we
can improve the estimate because we know it’s mostly rectilinear.

The street map on the right is somewhat like that of Manhatton, and the heuristic is
called the Manhatton distance.
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What is a good heuristic?

For a function to serve as a heuristic, we only require two things:

• The function returns 0 at all goal states .
In other words, the minimum path cost to go from a goal state to any goal state is
0—do no action.

• The function always returns a non-negative real number .
In other words, there is no negative action cost.

But to be a good estimate, we want the estimate to accuratel y reflect the
required cost , and to be reasonab ly easy to compute .

A special proper ty : if an estimate never overestimate the path cost , it
is called admissib le.

We will see that only admissible heuristics can be used in a complete and optimal
algorithm called A* search.

A simple example: the function that always return 0 is an admissible heuris-
tic, although it is a poor one (since it reflects no domain knowledge).
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More examples of admissible heuristic

Let’s see the block-pushing problem, 8-puzzle. Consider the following
problem instance:

4 5

6 1 8

7 3 2

⇒
1 2 3

4 5 6

7 8

• Heuristic 1: number of wrong pieces. The heuristic function is the
number pieces in the wrong place. Here, 7 (pieces 1, 2, 3, 4, 5, 6, 8).

Clearly admissible: any wrong piece needs at least one “push” itself.

• Heuristic 2:sum of Manhattandistances. The heuristic function is the
sum of the Manhattan distances between the initial and goal position of
each piece. Here, 2+3+3+1+1+2+0+2=14.

Admissible? Better or worse than heuristic 1? Why?
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Greedy Best-firstsearch

• Given that heuristic function (“h-value”) represents how far is a state
from a goal state, it is natural to explore low h-value states first.

• How about slightly modifying one of these algorithm, e.g. BFS, to
do this?

• Re-organize the data structure once again, this time we use a priority
queue with the priority being the inverse of the h-value.

The algorithm is really very flexible. We will see one more ways to prioritize the
states in the queue.

• That is, everytime we find something to expand, we choose the one with
the lowest h-value.

• This is called greedy best-firstsearch.
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Example

Let’s try the Romania map to see what we get.
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From Arad to Buc harest…

Rimnicu Vilcea
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Arad

Sibiu

Arad Fagaras Oradea

Timisoara

Sibiu Bucharest

329 374

366 380 193

253 0
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366 176 380 193

Zerind

Arad

Sibiu Timisoara

253 329 374

Arad

366

(a) The initial state

(b) After expanding Arad

(c) After expanding Sibiu

(d) After expanding Fagaras
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Performance

Note the similarity of greedy search and DFS: both tries to follow a single
path all the way to the goal, until it finds a dead-end and at that time it
backtrack, i.e., try again at expanded nodes that are not yet explored.

As a result, it shares the defects of DFS:

• It is complete only in state spaces that are finite. In infinite state
spaces, it can get stuck in a wrong subtree infinitely long.

• It is not optimal, because it might get to a sub-optimal tree and find a
solution there.

But greedy search also has its unique problems:

• Time cost: size of search trees. (Same as DFS.)

• Memory cost: size of search trees!
Worse than BFS and DFS. That happens when heuristic leads us to stay at
wrong side of a tree for long. Greedy Best-first search usually do well, though.
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A easy fix

• Is there anything we can do about the stupidity of greedy search?

• The greedy strategy has a problem that is easy to fix: when it gets a
state from the priority queue, it gets the one with the minimum h-value.

• But this doesn’t reveal the real cost: the real cost also includes the
cost to go from the initial state to that state (called the g-value)!

E.g., in step (c) of our example, cost to go from Arad to Fagaras.

• So the fix is easy: to use the inverse of the sum of g-value and h-value
of the state as the priority function.

• The sum of g-value and h-value is called the f-value of the state.

• How good is the result? That depends on how good is the heuristic.
In worst case, still as bad as Greedy Best-First Search.

Imagine that the first step of the correct path has a huge heuristic, while every
other path has a small one.
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Special case: admissible heuristic and A* search

But there is an important special case:

When the heuristic h is admissible, the above algo-
rithm is optimal, and is complete on most graphs.

Be reminded that admissible functions are those that never overestimate the path
cost to goal state, although it is allowed to underestimate.

In this case, the search algorithm is called A* search.

Let’s use the Romania map as an example again.

Here, the geometric distance to the goal is an admissible heuristic,
because of triangle inequality.

Suppose we want to go from Arad to Bucharest…
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Example (cont’d)
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Why it is optimal?

• Now the question: why is A* search optimal?

• The answer lies in a property of the f-value:

Suppose, during the executation of the A* algorithm, we pop out a node
with state S from the priority queue. Then the cost of any node that
can be found via S is no less costly than f(S).

To go to S the cost is exactly g(S), to go to the goal state from S we need at least
h(S) more because h never over-estimate.

• Then what is the f-value of a goal state? Simple: it must be exactly
the g-value, i.e., the total path cost, since the h-value is 0.

This is by definition on heuristic.

• If we can pop out a goal state G, it means all unexpanded states must
have f-value to be at least f(G), so all goals reachable from them have
total path cost at least f(G), which is the path cost of G.

So all other path cost no less. G must be optimal.

AI(0270)-2.49

Costs of A* search

How many nodes will get expanded?

• Any node with f-value less than the path length will be expanded.

• All the children of these nodes will be pushed into queue.

So how good the algorithm performs depends on the number of nodes
having f-value less than the minimum path length.

If the heuristic is better (i.e., larger h), we will expand less nodes.
Because a large f means less node will have small f-value.

Can we get better searching algorithms? Yes and no.

No: we cannot reduce the number of nodes expanded.

Yes: we can reduce the memory cost by forgetting some of the nodes.
If interested: read RBFS and SMA* of the textbook. One can also use IDA* (like
IDS), but it is more difficult to have the “next iteration”.
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How to make admissible heuristics

• One question: how to come up with admissible heuristic?

• Many problems are difficult only because there are some restrictions
on the actions.

• If we estimate by removing some of these restrictions, we usually get
a reasonable admissible heuristic. E.g.,

problem/heuristic Restriction removed

map
geometric distance

must not leave the roads

8-puzzle
No. of misplaced pieces

Can only slide pieces

8-puzzle
Sum Manhatton dists

Cannot slide through pieces

You will probably need some imaginations to find the restrictions.
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Combining admissible heuristics

If we get two admissible heuristics, we can determine if one is better:

• A heuristic h1 no worse than another heuristic h2 if h1 is no less than h2
for all states.

Be reminded that an over-estimating heuristic is not admissible, so is not better.
To be larger, one must be more accurate.

• Then we say h1 dominates h2.

So what to do if we get two heuristics h1 and h2 with one larger for some
nodes and the other larger for the other nodes?

I.e., both are not better than the other

Then we can find a heuristic that is better than both h1 and h2 by combin-
ing them:

The heuristic max(h1, h2) is admissible.
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Using pattern database

• For the sliding tile problem, there is indeed one even more drastic heuris-
tic. The idea: remember the cost of some subproblems. E.g.,

2

Start State Goal State

1

3 6

7 8

5

1

2

3

4

6

8

5 4

• By increasing the number of “wildcard” tiles, we can get less subprob-
lems to remember, in the cost of less accurate heuristic.

• The real 8-puzzle is the combination of 2 such subproblems.

• E.g., one subproblem gives a minimum number of moves involving 1, 2,
3 and 4; the other gives that involving 5,6,7 and 8. Adding them up gives
a heuristic much more accurate than Manhatton distance.
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