
Lecture 5

Logical Agents and Propositional Logic

So far all the knowledge we know about the world is in the form of a state,
which is more or less a black-box to our reasoning system.

We will learn a new way to represent the world, so that the reasoning
system can do much more for us.

Reference:

• Textbook Chapter 7
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Motivation

• We represent our knowledge about the world as “states”, which are
usually treated as black-boxes.

• Most algorithms we designed makes use of the relations among the
black-boxes. They don’t see the inside of them.

• There are exceptions: we partially opened these blackboxes at times,
e.g., heuristics, optimization and evaluation functions.

• They work well only in very limited environments. E.g., a heuristic for
15-puzzle is useless in the Missionaries and Cannibals problem.

But in the simple environments that we have studied, they are really the best
representation, since such states and functions can be created very quickly.

• Another major exception: CSPs. There the states are represented in a
way that the search algorithm can see and reason directly.

• Our hope: states that are open to search strategies.
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How agents would work…

• Knowledge is represented as a set of “sentences” .
“Sentences” here has a specific meaning. We will see them in a moment. Unlike
English sentences, such sentences are very concrete.

• The agent has a kno wledg e base, or KB,which captures the sentences
the agent “believes”. Initially this consists of backgr ound kno wledg e:
a set of sentences hard-coded into the agent.

• The agent continuously percepts to sentences, add them to KB, and
quer y the KB in form of sentences to decide what action to take.

We call the two operations Tell and Ask respectively.

• Inference will be done to derive new sentences from known sentences
in KB. This can happen when new sentences are added, when quer y
is made to the KB, or both .
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In a program…

As usual, we present the logic as a program, with parts to be filled in…

KB = initial_knowledge
t = 0 # time

# Call this as frequently as needed
def KB_Agent(percept):

# Tell the KB about the percepts at time t
Tell(KB, MakePerceptSentence(percept, t))

# Ask the KB what action to do
action = Ask(KB, MakeActionQuery(t))

# Tell the KB that the action it suggested is done at time t
Tell(KB, MakeActionSentence(action, t))

t += 1
return action
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Example problem: Wumpus World

• You are at a corner of a 4 × 4 dark
“cave”, like the one on the right.

• There is a nasty animal called the
wumpus in one of the rooms, and
will eat anyone entering the room.

But you can shoot an arrow to kill it.

• Each room may contain bottomless
pit. Entering them results in death.

• We want the gold in the pit.

• The world is less hazardous than it sounds: when you are just beside a
room with a pit or the wumpus, you can sense it.

• We have no prior knowledge to where are the pits, wumpus and gold.
Partial information makes it hard to apply problem solving approaches we learnt
in previous lectures.
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More formall y…

• Performance measure : E.g., +1000 for getting gold, -1000 for falling
into pit or eaten by wumpus, -1for each action, -10 for using the arrow.

• Envir onment : 4x4 grid of rooms, agent start at [1,1] facing East. Gold
and wumpus are at random location, and each room other than [1,1] has
a probability of 0.2 to be a pit. Arrows fly until it hit the wall, walking into
the wall has no effect.

• Actuator s: turn left by 90 degrees, turn right by 90 degrees, move
forwar d by 1room, grab the gold, shoot his (only) arrow.

• Sensor s: 5 boolean parts: a stenc h indicating wumpus, a breeze
indicating pit, a glitter indicating gold, a bump indicating a wall, and a
scream indicating death of the wumpus.

E.g., at [1,1], we sense the percept [False, False, False, False, False]. At
[2,1] we would sense [False, True, False, False, False].
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Solving the problem ourselves

To see what queries we would make to our state, let’s try solving the
problem ourselves—using the cave we just see.

• Initially, we don’t sense anything, meaning 1,2 and 2,1are safe.

• We enter 2,1, feeling a breeze, and conclude a pit is at either 2,2 or 3,1.
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Solving the problem ourselves (cont’d)

• Then we try 1,2, feeling a stench, meaning the wumpus is at 1,3 or 2,2.

• Combining the two pieces of knowledge, now 2,2 becomes safe. We
enter that, and found that 2,3 and 3,2 are both safe.

• Eventually we go to 2,3 and found the gold.
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Automatic reasoning

• What our state has to represent? Things like “Room 1,2 contains no pit”,
“Either room 2,2 or room 1,3 contains a wumpus”, etc.

• Can we represent the state in a struct just as before? Yes…
E.g., matrices stating whether there is a stench, a breeze, known to contain no
pit, known to contain no wumpus, etc.

• We want inference to be automatic: e.g., when we already have enough
information to conclude that a room has a wumpus we want to be able to
effect a shooting action. But it requires a lot of programming efforts.

E.g., “if stench[1][2] and no_wumpus[1][1] and no_wumpus[2][2] then
has_wumpus[3][1]=true”.

• Can we write a program which automates the reasoning? In particular,
we only want to tell knowledge about the world, not how to reason
about it. Inference should be the job of the agent.

And should be solved once for all [easy] problem.
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Logic as Kno wledg e Representation

• Matrix is not a good general tool for reasoning: it is too restricted. We
want something more flexib le.

• “Sentences” in our agent: logic statements .
So that we can easily express a belief that “Either room [2,2] has a pit or room
[3,1] has a pit” during the automatic inference.

• Syntax of logic governs what is a logic statement and what is not.
We have that in Algebra: x+y=4 is a equation, x=4y+ is not.

• Semantic of logic governs what sentence is true and what is false ,
given each possib le world , or “model ”.

We have that in Algebra as well: x+y=4 is true in a model where x=2 and y=2.

• Reasoning involves checking whether a statement “logically follows
from”, or is entailed by, another statement.

We have that in Algebra as well: x+y=4 is entailed by x=4-y.
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Example 1

We use the Wumpus world as an example. Suppose we walked into [2,1]
and feel Breezy. We want to know whether [1,2], [2,2], [3,1] have pits.

KB entails the query α1: “There is no pit in [1,2]”, because all models
“consistent” with KB have α1 being true. We write KB |= α1.

AI(0270)-5.10

Example 2

On the other hand, KB does not entail α2: “There is no pit in [3,1]”.

This is because in some models consistent with KB, α2 is false. We write
KB |=/ α2.
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Inference procedure

• Any algorithm that answers questions like “Given KB, is α entailed?” is
called an Inference algorithm.

• Example: The model checking algorithm we have just seen, i.e.,
check all models to see whether any state consistent with KB is have
α being false. If so, α is not entailed. Otherwise α is entailed.

• An algorithm is sound (or truth-preserving) if it only answer true for
sentences that are logically entailed.

• An algorithm is complete if it can derive any sentence that is true.
I.e., it never answer false or loop forever if given an entailed query.

• Sound and complete reasoning is important to the success of a logical
reasoning agent.

Although we will see that some strategies in use are not complete, or even
not sound.

AI(0270)-5.12

Relations with real world

Grounding: for what reason (ground) we think the sentences correspond
to the real world?

Answer: the percepts are Tell’ed into KB, which are known to correspond
to the world.

Entailment then enlarge the set of sentences that are known to the agent:

Sentences Sentences Representation

Aspects of world Aspects of world Real world
Entails

Entails

Follows

Follows

S
em

antics

S
em

antics

S
em

antics

S
em

antics

To go further, we need to fix a logic to use. We will see a simple one.
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Propositional Logic: a fir st, simple logic

• “Propositional logic” is a logic composed only of propositions .

• A proposition is an “atomic” sentence which cannot be decomposed
into simpler ones. It can take values either true or false .

• We will use propositional symbols to represent them. E.g., P1,1 might
means [1,1] has pit, B2,1 might mean there is breeze at [2,1].

• There are two special symbols True and False, which has values true
and false respectively for all worlds.

Other propositional symbols have different values in different worlds.

• A sentence canbe a simple sentence , composed of just a proposition -
al symbol or a special symbol , and nothing else.

• A sentence can also be a comple x sentence , composed of other
propositional symbol(s) and connectives .
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All the connectives

If P and Q are sentences (either simple or complex), then

• ¬P is a negation sentence. It has the intuitive meaning of logical “not”.

• (P ∧ Q) is a conjunctionsentence. It has the intuitivemeaningof logical
“and”. Logicians usually call P ∧ Q a conjunction of the conjuncts P and
Q—in the same way that we call 1 + 2 a sum.

• (P ∨ Q) is a disjunctionsentence. It has the intuitive meaning of logical
“or”. P and Q are called the disjuncts.

• (P ⇒ Q) is an implication sentence. If P is false, then the implication
is true. Otherwise, it has the same value as Q. P is called the premise,
Q is called the consequence. (Compositional!)

• (P ⇔ Q) is a biconditional sentence. It is true if P and Q are both true
or both false.

The above list is from high to low precedence. Parentheses can be
dropped if they follows from precedence.
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Simple knowledge base

For example, in the wumpus world, after the first step going East, the KB
might end up with the following:

• There is no pit in [1,1]:

R1: ¬P1,1.

• A square is breezy if there is a pit around it. E.g.,

R2: B1,1 ⇔ P1,2 ∨ P2,1.

R3: B2,1 ⇔ P1,2 ∨ P2,2 ∨ P3,1.

• Percepts so far…

R4: ¬B1,1

R5: B2,1
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Inference based on truth table

How to do inference in propositional logic? One can use model checking,
or “truth table”. E.g., for our case:

• With 7 symbols (B1,1, B2,1, P1,1, P1,2, P2,2, P2,1, P3,1) in this case, there are 72
= 128 possible worlds.

• To know whether a particular sentence (say ¬P1,2) is true, we check all
combinations to find those states that are consistent with KB, …

• And see whether ¬P1,2 is true in all states.

• This directly implements the definition of entailment, thus is sound and
complete.
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Truth table checking

To check truth table is quite straight-forward…

def TTEntails(KB, query): # Does KB |= query?
symbols = KB.propositions # A list of propositional symbols
return TTCheckAll(KB, query , symbols, [ ])

# check whether all truth assignments of symbols, given the known
# assignments in model, have KB => query
def TTCheckAll(KB, query , symbols, model):

if symbols == [ ]:
return not PLTrue(KB, model) or PLTrue(query , model)

(P, rest) = (symbols.first(), symbols.rest())
return (TTCheckAll(KB, query , rest , model.extend((P, True))) and

TTCheckAll(KB, query , rest , model.extend((P, False))))

It always terminates, since there are finitely many models to check. But it
is rather slow (Cost: nO(2 ) ). We want faster methods.
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Some basic concepts

• Two sentences α and β are logicall y equiv alent if they have the same
value in all models . We write α ≡ β. E.g., P ∨ Q ≡ Q ∨ P.

• A sentence is valid , if it is true under all possible models. E.g., P ∨ ¬P
is valid. Valid sentences are called tautologies.

• Deduction theorem : P |= Q if and only if P ⇒ Q is valid.

• A sentence is satisfiab le if it is true under some models.
E.g., for our example, R1 ∧ R2 ∧ R3 ∧ R4 ∧ R5 is satisfiab le,although not valid.

• A sentence is unsatisfiab le if it is not satisfiab le.

• Connections : α is valid if and only if ¬α is unsatisfiab le. ¬α is not valid
if and only if α is satisfiab le.

• Proof by contradiction or refutation : P |= Q if and only if (P ∧ ¬Q )
is unsatisfiab le.
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Common logic equivalences

• α ∧ β ≡ β ∧ α: Communitativity of ∧ .

• α ∨ β ≡ β ∨ α: Communitativity of ∨ .

• (α ∧ β) ∧ γ ≡ α ∧ (β ∧ γ): Associativity of ∧ .

• (α ∨ β) ∨ γ ≡ α ∨ (β ∨ γ): Associativity of ∨ .

• ¬(¬α) ≡ α: Double negation elimination.

• α ⇒ β ≡ ¬β ⇒ ¬α: Contraposition.

• α ⇒ β ≡ ¬α ∨ β: Implication elimination.

• α ⇔ β ≡ (α ⇒ β) ∧ (β ⇒ α): Biconditional elimination.

• ¬(α ∧ β) ≡ ¬α ∨ ¬β: de Morgan.

• ¬(α ∨ β) ≡ ¬α ∧ ¬β: de Morgan.

• α ∧ (β ∨ γ) ≡ (α ∧ β) ∨ (α ∧ γ): Distribution of ∧ .

• α ∨ (β ∧ γ) ≡ (α ∨ β) ∧ (α ∨ γ): Distribution of ∨ .
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Entailment and Satisfiability

• Instead of asking whether KB |= q, we can ask whether KB ∧ ¬q is
satisfiab le. The former is true iff the latter is false.

They are “complementary”. Since SAT is NP-hard, entailment is “co-NP-hard”.

• Satisfiability is simpler since it doesn’t distinguish query and KB:

def SatEntails(KB, query):
KB.append(Negation(query))
return not Satisfiable(KB)

def Satisfiable(sentences):
symbols = sentences.propositions
return SatCheckAll(sentences, symbols, [ ])

def SatCheckAll(sentences, symbols, model):
if symbols == [ ]:

return PLTrue(sentences, model)
(P, rest) = (symbols.first(), symbols.rest())
return (SatCheckAll(sentences, rest , model.extend((P, True))) or

SatCheckAll(sentences, rest , model.extend((P, False))))
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Conjunctive Normal Form

• One of the difficulty in making good heuristics for entailment is that the
input is too unstructured.

• We want to simplify the sentences in the KB. Can we, e.g., say that all
sentences must be in some particular form?

• It turns out that it is possible: we can convert the KB to a form known as
conjunctive normal form, where:

• The KB contains a set of sentences, called clauses. So the KB can
be considered a big conjunction of clauses.

• Eachclause is either a simple proposition, its negation,or the disjunc-
tion of those.

I.e., no conjunction in each clause, and no implication at all!
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Putting sentences into CNF

The process is mechanical. E.g., to convert B1,1 ⇔ (P1,2 ∨ P2,1):

• Step 1: eliminate biconditions (using bi-conditional elimination):

(B1,1 ⇒ (P1,2 ∨ P2,1)) ∧ ((P1,2 ∨ P2,1) ⇒ B1,1)

• Step 2: eliminate conditional (using implication elimination):

(¬B1,1 ∨ P1,2 ∨ P2,1) ∧ (¬(P1,2 ∨ P2,1) ∨ B1,1)

• Step 3: move negations “inwards” using de-Morgans and double-nega-
tion elimination:

(¬B1,1 ∨ P1,2 ∨ P2,1) ∧ ((¬P1,2 ∧ ¬P2,1) ∨ B1,1)

• Step 4: distribute ∨ over ∧ whenever possible:

(¬B1,1 ∨ P1,2 ∨ P2,1) ∧ (¬P1,2 ∨ B1,1) ∧ (¬P2,1 ∨ B1,1)

So we end up into 3 (completely unreadable) disjunctions.
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Satisfiability with back-tracking: DPLL

Now we can speed up Satisfiability with various heuristics. The “DPLL”
algorithm does exactly that.

D=Davis, P=Putnam, L=Logemann, L=Loveland.

• Early termination: if a clause contains a literal that is assigned true, the
clause can be removed from consideration. If a clause contains only
false literals, the branch is doomed, so we can backtrack immediately.

• Pure symbol heuristic: If a literal is positive in all clauses, we can
assign true to it without changing the satisfiability . Similiarly, if a literal is
negated in all clauses, we can assign false to it.

• Unit clause: If a clause only has 1 unassigned literal, but still not re-
moved from consideration, that literal is assigned true immediately.

AI(0270)-5.24

Example

Query for no Pit at [2,2]:

R1: ¬P1,1

R2a: ¬B1,1 ∨ P1,2 ∨ P2,1

R2b: ¬P1,2 ∨ B1,1

R2c: ¬P2,1 ∨ B1,1

R3a: ¬B2,1 ∨ P1,2 ∨ P2,2 ∨ P3,1

R3b: ¬P1,2 ∨ B2,1

R3c: ¬P2,2 ∨ B2,1

R3d: ¬P3,1 ∨ B2,1

R4: ¬B1,1

R5: B2,1

Q: P2,2

DPLL steps:

1. Unit clause R1, R4, R5 and Q, assign
P1,1 = false, B1,1 = false, B2,1 = true, P2,2
= true. The clauses are deleted.

2. Early termination: B1,1 = false, so R2a
is deleted, R2b becomes ¬ P1,2, R2c be-
comes ¬P2,1.

3. Early termination:B2,1 = true, so delete
R3b to R3d. P1,2 is true, so delete R3a.

4. Unit clause R2b and R2c, assign P1,2 =
false, P2,1 = false, found model: satisfi-

able, so query is not entailed.
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Satisfiability with Local search

Can we solve satisfiability problems with local search?

• We can start with an arbitrary assignment, and patch it up using
hill-climbing or simulated annealing.

• The popular version, called WalkSAT , looks like this:

def WalkSAT (clauses, prob, max_flips):
model = a random assignment of true and false to symbols in clauses
for i in range(0, max_flips):

if model satisfies clauses:
return model

with probability p:
var = a random variable

else:
var = the variable which flipping would satisfy most clauses

flip var in model
return failure
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DPLL vs. local WalkSAT

• If the problem is satisfiable, local search is usually faster in finding it.
The textbook shows a nice graph about the performance of the algorithms
showing the running time of the two algorithms at different “difficulty level”.

• But it never tells you that a problem is unsatisfiable,which is the case
where entailment is established.

• The only hope to use local search is to run it for a certain amount of time,
and if it cannot find a solution, we assume that the query is entailed.

• Depending on how much risk we want to take, this can make it slower to
use than DPLL in reality.
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Inference based on standard patterns

• One alternative method: apply common patterns of rules to the
known knowledge. E.g., Modus Ponens is written like this:

α ⇒ β, α
β

• This means that if we already know both α ⇒ β and α, we can infer β.

• We can show that this is correct, by showing that ((α ⇒ β) ∧ β) ⇒ β is
a valid sentence (using truth table).

• Another common pattern: And-Elimination:

α ∧ β
α

• Also, all the logical equivalences can be used in both directions as
inference rule.

AI(0270)-5.28

Inference based on standard patterns: continued

• Once we show that a pattern is correct, we can apply it to generate
sound inferences without checking models.

• This is okay because other parts of KB won’t change our conclusion:
monotonicity.

• To establish a sentence, we can select some known sentences, choose
an inference rule to apply, and repeat. This results in new sentences. If
the desired knowledge is generated, we call the sequence a proof.

• Finding proof is just a search problem, and can be solved using any
strategy we have learnt in the first few lectures.

• It can be more efficient than model checking because it allows us to
ignore irrelevant propositions of KB.
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Example inference

Suppose KB contains R1 through R5 we have mentioned…

• R6: (B1,1 ⇒ (P1,2 ∨ P2,1)) ∧ ((P1,2 ∨ P2,1) ⇒ B1,1) (Bicond-Elim to R2 )

• R7: ((P1,2 ∨ P2,1) ⇒ B1,1) (And-Elim to R6)

• R8: (¬B1,1 ⇒ ¬(P1,2 ∨ P2,1)) (Contra-position to R7)

• R9: ¬(P1,2 ∨ P2,1) (Modus-Ponens to R8 and R4)

• R10: ¬P1,2 ∧ ¬P2,1 (de-Morgan to R9 )

So neither [1,2] nor [2,1] have a pit.

It is clearly sound, but whether it is complete depends on what inference
rules we use. The more rules, the more likely to be complete, but the
slower.
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How many is enough?

For CNF sentences,one is enough if we choose the right one! The choice:
generalized resolution: if l i and mj are negation of each other:

l1 ∨ … ∨ lk , m1 ∨ … ∨ mn

l1 ∨ … ∨ l i −1 ∨ l i + 1 ∨ … ∨ lk ∨ m1 ∨ … ∨ mj −1 ∨ mj + 1 ∨ … ∨ mn

Here each lx and mx is a literal, i.e., either a simple symbol or its negation.
For example, if we have P ∨ Q and ¬Q ∨ R, we conclude P ∨ R.

Intuitively: if Q is false, P must be true. If Q is true, R must be true. Since
Q is either true or false, P ∨ R must be true. (We say Q is resolved.)

Technicality 1: if a symbol appears both as lx and my (x =/ i , y =/ j), then
they should be merged into one.

Technicality 2: if a lx is the negation of a my (x =/ i , y =/ j), the result is
useless. So we say the resolution fails to create a new clause.
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The right way to use resolution

To use resolution, we use the same overall steps as when we use DPLL:

1. Add the negated query to the KB to give a set of sentences.

2. Preprocess all sentences into CNF clauses.

3. Repeatedly apply resolution to make new clauses.

4. Conclude that the query is entailed when we get the empty clause at
any time. (Empty clause = False, i.e., contradiction.)

I.e., if query is false, our KB is inconsistent. So the query must be true.

5. Conclude that the query is not entailed if, at the end, we can no longer
make any new clauses, and the empty clause is not created.

This always terminates, since there is a finite number of disjunctions.
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Actual algorithm

def PL_Resolution(KB, sentence):
clauses = set of clauses in (KB) and (not sentence)
while true:

new = [ ]
for C1 in clauses:

for C2 in clauses:
resolvant = PL_Resolve(C1, C2)
if resolvant == Failed

continue
if resolvant == []:

return true
if not resolvant in clauses:

new .append(resolvant)
if new .empty():

return false
for new_clause in new :

clauses.add(new_clause)
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Example

To show there is no pit in [1,2] using R1 through R5, we add P1,2 to KB, and
do resolution:

¬P2,1 ∨ B1,1 ¬B1,1 ∨ P1,2 ∨ P2,1 ¬P1,2 ∨ B1,1 ¬B1,1 P1,2

¬P2,1 ¬P1,2

Since at the end we get the empty clause, we say ¬P1,2 is entailed.

It is possible to generate a lot of irrelevant sentences if we are not careful.
In the next chapter, we will study techniques to reduce the amount of
irrelevant sentences generated.

Although it is still rather slow.
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Why resolution works?

• Since resolution is a “correct” inference rule, the algorithm which uses
resolution exclusively is clearly sound.

I.e., if it declares a sentence is entailed, it is really entailed.

• But is it complete? In particular, if resolution tried all possibilities and
at the end it cannot find new clauses, does it really means that the
sentence we give is not entailed?

• Since we are doing refutation, we are actually checking whether KB and
¬sentence is unsatisfiab le. By not entailed, we mean that there is a
model which satisfy KB ∧ ¬sentence.

• So all we need: find a model in which KB ∧ ¬sentence is satisfied.

• The model depends on the resolution closure of KB ∧ ¬sentence, i.e.,
the clauses variable at the end when we run PL_Resolution.
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Why it works (cont’d)

Given the resolution closure C of a set of clauses,we want to find a model
in which all clauses are satisfied.

We can do the following to assign a value for each variable Pi:

• If there is a clauses in the C containing ¬ Pi, with all its other literals
became false already, assign false to Pi.

• Otherwise, assign true to Pi.

It turns out that the resulting assignment always makes all clauses in C
satisfied, provided that C is closed under resolution. We leave the proof
as an exercise.

“C is closed under resolution” means that if you take any 2 elements in C and
perform resolution, the result is always in C. E.g., the set of real numbers is closed
under addition, but not closed under division (e.g., take 2 and 0 to divide, you get
a non-number).
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A restriction: Horn clauses

In the worst case, entailment takes exponential time. But if we restrict the
possible sentences, we can have much more efficient algorithms.

• A CNF clause is said to be a Horn clause if at most 1 literal is positive.

• E.g., ¬P2,1 ∨ B1,1 is a Horn clause, while ¬B1,1 ∨ P1,2 ∨ P2,1 is not.

• Horn clauses with exactly 1positive literal, like the Horn clause above,
are called definite clauses, which forms basis for Logic Programming.
For simplicity we assume clauses are all definite .

• Definite clauses can be written in a very readable “implication form”, like
P2,1 ⇒ B1,1, or P1,1 ∧ P2,1 ⇒ B1,1. The positive part is called the head, the
remainder is called the body.

Note that due to de-Morgan, the body is a conjunction, not disjunction!

• How much “more efficient”? Inference can be done in linear time!

AI(0270)-5.37

Chaining

• Again, we apply only 1inference rule: Generalized Modus Ponens:

P1 ∧ P2 ∧ … ∧ Pk ⇒ Q , P1, … , Pk

Q

• We won’t use refutation. Instead we will prove the query directly.We call
such algorithms chaining algorithms.

• Since Modus Ponens can only prove 1-symbol sentences, that is all
chaining can do.

• Chaining can happen at data acquisition time (forward chaining) or at
query time (backward chaining). Let’s see the former strategy first.

• For each clause, forward chaining keeps counting the number of sym-
bols which is not yet proved. Once this number becomes 0, the clauses
“fires”, proving the symbol which is its head.
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Forward chaining algorithm

def PL_FC_Entails(KB, q):
count = a table with one entry per clause, initially the size of body
inferred = a table with one ‘‘false” entry per symbol
agenda = a queue of symbols, initially empty
for clause in KB.clauses:

if (count[clause] == 0)
agenda.push(clause.head)
inferred [clause.head ] = true

while not agenda.empty():
p = agenda.pop()
# “KB.clauses with p in body” should be pre-computed for each symbol
for clause in (KB.clauses with p in body):

count[clause] −= 1
if (count[clause] == 0 and not inferred [clause.head ]):

if (clause.head == q):
return true

agenda.push(clause.head)
inferred [clause.head ] = true

return false
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Completeness

• For knowledge and query possible with chaining, it is clearly sound,
since Modus Ponens is correct.

• But it is also complete. Why? Suppose we run PL_FC_Entails for a
KB and a q, and it returns false…

• Some symbols (in set inferred) are proved during PL_FC_Entails, and
some not proved. Consider the model in which all the former symbols
are true, all the latter symbols are false.

• In this model, q must be false (otherwise it is proved). But KB must be
true, otherwise KB must have a clause with true body and false head,
and the algorithm wouldn’t have terminated!

• Since a model has KB true and q false, we must conclude that q is not
inferred from KB.

• Since PL_FC_Entails always terminates, the algorithm is complete.
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The downside

But there is a primary problem of propositional logic: it is very tedious. We
need many symbols, and many long sentences.

• E.g., if we might have 16 symbols W1,1, W1,2, etc., to represent whether
a cell has a wumpus.

• How to express that there is one wumpus?

W1,1 ∨ W1,2 ∨ W1,3 ∨ …

• How to express that there is only one wumpus? 256 sentences!

W1,1 ⇒ ¬W1,2
W1,1 ⇒ ¬W1,3
W1,1 ⇒ ¬W1,4
W1,1 ⇒ ¬W2,1
…

We want a logic which is richer in semantics.
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